A bielliptic surface (a hyperelliptic surface) is a surface whose Albanese morphism gives an elliptic fibration. In the first part of this paper, we study the structure of bielliptic surfaces over a field of characteristic away from 2 and 3 to prove the Shafarevich conjecture for bielliptic surfaces with sections. In particular, we complete a proof of the Shafarevich conjecture for minimal surfaces of Kodaira dimension 0 by this paper.
Introduction
The Shafarevich conjecture for abelian varieties states the finiteness of isomorphism classes of abelian varieties of a fixed dimension over a fixed number field admitting good reduction away from a fixed finite set of finite places. In the first part of this paper (Section 2), we shall consider the same problem for bielliptic surfaces. Our main theorem is the following.
Theorem 1.1 (Theorem 2.10). Let F be a finitely generated field over Q, and R be a finite type algebra over Z which is a normal domain with the fraction field F . Then, the set X X : bielliptic surface over F which admits a section, X has good reduction at any height 1 prime ideal p ∈ Spec R /F -isom is finite.
In fact, the Shafarevich conjecture is also justified in the cases of K3 surfaces and Enriques surfaces (see [She17] , [Tak18] , and [Tak19] ). Therefore Theorem 1.1 completes a proof of the Shafarevich conjecture for minimal surfaces of Kodaira dimension 0. We remark that we assume the existence of a section on X in Theorem 1.1, as in the case of abelian varieties.
In Section 2, first, we shall study the structure of bielliptic surfaces with a section and its reduction nature. After that, we give a proof of Theorem 1.1 by using that structure result and the Shafarevich conjecture for (products of) elliptic curves. Here, we also use the finitely generatedness of the Mordell-Weil groups of elliptic curves to reduce the problem to the case of products of elliptic curves.
In the second part (Section 3), we shall study the Néron model of a bielliptic surface. Let K be a discrete valuation field, and X a smooth separated finite type scheme over K. The Néron model X of X is a smooth separated finite type model over O K satisfying some extension property, which is known as the Néron mapping property.
Bielliptic surfaces and good reduction
In this section, we first recall the definition of bielliptic surfaces and study their basic properties. Throughout this paper, k is a field of characteristic away from 2 and 3.
Definition 2.1. A bielliptic surface over k (a hyperelliptic surface over k) is a smooth projective surface X over k which is a minimal surface of Kodaira dimension 0 satisfying H 0 (X, Ω 2 X/k ) = 0 and H 1 (X, O X ) ≃ k. A bielliptic surface over the algebraic closure k is characterized as a minimal surface of Kodaira dimension 0 which is not an abelian surface, a K3 surface, nor an Enriques surface. It is well-known that bielliptic surfaces are geometrically written as quotients of certain abelian surfaces. To study the reduction, we shall prove the rational version of this fact.
Lemma 2.2. Let k be a field of characteristic away from 2 and 3, and X be a bielliptic surface over k with a section x ∈ X(k). Let A ′ be the Albanese variety of X, B be the fiber alb −1 (alb(x)) (then A ′ , B are elliptic curves over k with sections coming from x). Here, alb is the Albanese morphism. Then there exists an elliptic curve A over k which is isogenous to A ′ and a finiteétale subgroup scheme G ֒→ A with a group scheme monomorphism G → Aut B/k , such that there exists an isomorphism
which sends x to (0, 0). Here, Aut B/k is the automorphism scheme of the variety (rather than the group scheme) B. Moreover, the projection X → A/G via the above isomorphism is isomorphic to the Albanese morphism, and X → B/G ≃ P 1 k is an elliptic fibration.
Proof. As mentioned before, this lemma is already known in the case of k = k (see [Bȃd01, Section 10 .24]). First, we work with a separably closed field k. Let A ′ be the Albanese variety of X, which is an elliptic curve over k. Let B be the fiber alb −1 (alb(x)). Then as in the proof of [Bȃd01, Section 10.24], over the algebraic closure k, we have a finiteétale morphism π : A ′ k × B k → X k which is the quotient map by an action of G ′ k , where G ′ := A ′ [n] for some n ∈ {2, 3, 4, 6, 8, 9}. We shall prove that this morphism is defined over k. The morphism π can be decomposed as
Since the n-multiplication map on the Picard scheme Pic X/k is anétale morphism, each F χ descends to a line bundle over k, hence the morphism π 2 comes from the morphism
Since π 2,0 is a finiteétale morphism, the fiber over x consists of k-rational points. In particular, π 1 (0, 0) descends to a k-rational point of Y . We can equip Y with the structure of abelian variety over k with the zero section π 1 (0, 0) by the Albanese morphism. Therefore the morphism π 1 is a homomorphism over k between abelian varieties which are defined over k. Since the homomorphism scheme of abelian varieties isétale ([vdGEM14, Proposition 7.14]), the morphism π 1 is also defined over k. Hence our π is defined over k, i.e. there exists a morphism A ′ × B → X. Through this morphism, we have an isomorphism (
In the following, let k be a general field of characteristic different from 2 and 3. Since we have a morphism
k sep , by the argument in [CV18, Proposition 5.6], we have the k-morphism g : X → P 1 k which is geometrically isomorphic to the elliptic fibration X k → B k /G k . Then this lemma is proved in a completely similar way as in the geometric case ([Bȃd01, Section 10.24]). First, one can prove that there exists a group action A ′ × X → X over k. We put S := {c ∈ P 1 k | g −1 (c) : multiple fiber }. Then S consists of finite closed points, and one can define the action
For any k-algebra R, take P ∈ g −1 (P 1 k \S)(R). Then one can get the abelian scheme T over Spec R with a section P , and we have a morphism T → A ′ R coming from the composition
Then we have
A ′ R ≃ A ′ ∨ R → T ∨ and the right-hand side acts on T . Therefore we get the desired action.
By the minimality of X (see [Bȃd01, Theorem 10 .21]), one can extend the above action to σ : A ′ × X → X (since A ′ is an elliptic curve, it is enough to extend the action of generic point). Let n be the intersection number of a fiber of alb and a fiber of g. Then we have a diagram (1)
This diagram is commutative, since it is commutative over k as in [Bȃd01, Section 10.24]. By the above diagram, B := alb −1 (0) is stable under the action of G ′ := A ′ [n] given by σ. Therefore we have the morphism G ′ → Aut B/k corresponding to σ : G ′ × B → B. Moreover, we get the desired isomorphism (A ′ × B)/G ′ ≃ X via the action σ since it induces an isomorphism over k. We put
Remark 2.3. If we drop the condition of the injectivity of G → Aut B/k , we do not have to take a quotient in the final part of the proof. Therefore, we can get the description X ≃ k (A × B)/G, where A is the Albanese variety of X, B := alb −1 (alb(x)), G := A[n] for some n ∈ {2, 3, 4, 6, 8, 9} with a group scheme morphism G → Aut B/k . In this description, the projection X → A/G ≃ A gives the Albanese morphism, where A/G ≃ A is given by the n-multiplication map. Remark that the integer n is independent of the choice of a section x ∈ X(K).
Definition 2.4. Let K be a discrete valuation field with the residual characteristic away from 2 and 3, and X be a bielliptic surface over K. We say X admits good reduction if there exists a smooth proper algebraic space X over O K such that X K ≃ X.
Lemma 2.5. Let K be a discrete valuation field with the residue field k whose characteristic away from 2 and 3. For any bielliptic surface X over K, the following are equivalent.
(1) X admits good reduction.
(2) There exists a smooth proper scheme X over O K such that X K ≃ X.
Proof.
(2) ⇒ (1) is clear. We shall show (1) ⇒ (2). Let X be a smooth proper algebraic space model of X. Let X be a formal completion of X O K along its special fiber X k , where O K is a completion of O K . We note that X k is a bielliptic surface over k. Indeed, since X k is a principal Cartier divisor on X , we have ω ⊗m X /R ≃ O X , where m is the order of ω X/K . So ω ⊗m X k /k is trivial, therefore X k is a minimal surface of Kodaira dimension 0 with the same Betti numbers as X. It shows that X k is a bielliptic surface. By the characteristic assumption, we have H 2 (X k , O X k ) = 0. By [FGI + 05, Corollary 8.5.5], one can lift an ample line bundle L k on X k to L on X . By Grothendieck's existence theorem ([Knu71, Theorem 6.3]), the ample line bundle L also lifts to L on X O K as an invertible sheaf. The category equivalence of Grothendieck's existence theorem implies that for any coherent sheaf F on X O K , F ⊗ L ⊗n is globally generated for sufficiently large n. This also holds over a finite scheme cover of X O K , hence L is an ample line bundle. Therefore, we have a smooth projective scheme model
One can take a cyclic covering Y associated with φ which is finiteétale over X O K . The generic fiber Y := Y K is geometrically an abelian surface since its canonical sheaf is trivial and its first betti number is not equal to zero. Moreover, by Hensel's lemma, there exists a finite unramified extension L/ K such that Y L admits an L-rational point. So by [BLR90, Proposition 1.4.2], the model Y O L satisfies the Néron mapping property, and Y also satisfies the Néron mapping property by a descent argument. Using [BLR90, Theorem 7.2.1], the Néron model Y descends to a smooth proper Néron model Y 0 over O K whose generic fiber is Y 0 which is the cyclic covering of X associated with φ 0 . By the Néron mapping property, the cyclic action on Y 0 can be extended on Y 0 , and this action is free since its base change to O K is the cyclic action on Y, therefore we can take a finiteétale quotient Y 0 /µ m which is separated of finite type. Hence it gives a smooth proper scheme model of X.
Remark 2.6. In the case of Lemma 2.5, the smooth proper scheme model of X is the Néron model of X as in the proof of Proposition 3.6. In particular, a smooth proper scheme model of X is unique.
In general, if a smooth proper variety X over a discrete valuation field admits a smooth proper scheme model and the Néron model, then a smooth proper scheme model of X is unique, by van der Waerden's purity theorem (see [Gro67, Corollaire (21.12.16)]).
Lemma 2.7. Let K be a discrete valuation field with the residue field k whose characteristic is p. Let A be an abelian variety over K. Let G ⊂ A be a finite subgroup scheme over K. Suppose that the order of G(K) is prime to p. Let A be the Néron model of A. Let G be the Néron model of G. Then there exists a natural closed immersion G → A.
Proof. Let A ′ be the Néron model of A/G. Then the natural morphism π : A → A ′ is anétale isogeny. Indeed, by [BLR90, Proposition 7.3.6], we have a morphism π ′ :
, thus π is quasi-finite and flat ([BLR90, Proposition 2.4.2, Lemma 7.3.1]). Moreover, the kernel of π isétale, since π ′ • π isétale. So π isétale. Let K be the kernel of π, which isétale separated of finite type over O K . Then G is canonically isomorphic to K, since for any smooth O K -scheme Z,
Proposition 2.8. Let K be a discrete valuation field with the residue field k whose characteristic away from 2 and 3. Let X be a bielliptic surface over K which admits section x ∈ X(K). Let X ≃ (A × B)/G be the isomorphism given in Lemma 2.2. Then the following are equivalent.
(1) The bielliptic surface X admits good reduction.
(2) The elliptic curves A and B admit good reduction.
Proof. First we shall show (1) ⇒ (2). As in the proof of Lemma 2.5, we have X → S := Spec O K which is a smooth projective scheme model of X. Let Pic X /S be the Picard functor, and Y := Pic 0 X /S ֒→ Pic X /S is the open closed subgroup scheme which is smooth proper over S whose fiber over any geometric point s of S is equal to the identity component of Pic Xs/k(s) (see [FGI + 05, Theorem 9.4.8, Proposition 9.5.20]). Remark that Pic Xs/k(s) is smooth of dimension 1, since X s /k(s) is a bielliptic surface over a field of characteristic away from 2 and 3. So Y is an abelian scheme over S. For the fixed section x ∈ X (O K ), we have a corresponding morphism alb : 
Indeed, by the definition Z is proper flat over S, and whose geometric fibers are smooth. Therefore B admits good reduction too.
Next, we shall show (2) ⇒ (1). Let A, B be the Neron models of A, B (which is the unique smooth proper model of the elliptic curves). Moreover, let G be the Néron model of G. Since A admits good reduction, the scheme G consists of spectra of fields which are unramified over K (recall that G is a quotient of the n-torsion points of A ′ , where A ′ is an elliptic curve which is isogenous to A and n ∈ {2, 3, 4, 6, 8, 9}). Therefore the Néron model of G is finiteétale group scheme over O K . By the Néron mapping property, one can extend the action of G on A × B to the action of G on A × B. Be Lemma 2.7, G ֒→ A is a closed immersion of group schemes. Therefore the above action G × A × B → A × B is a free action by the locally free group scheme. Thus one can take a finiteétale quotient A × B → X , where X is separated of finite type over O K . Therefore one can show that X is a smooth proper model of X, and it finishes the proof.
Remark 2.9. This proposition is a certain formulation of a good reduction criterion for bielliptic surfaces. Considering the µ m -torsor, one can formulate similar statements for bielliptic surfaces without sections (see [CL16, Section 9]).
Theorem 2.10. Let F be a finitely generated field over Q, and R be a finite type algebra over Z which is a normal domain with the fraction field F . Then, the set Shaf := X X : bielliptic surface over F which admits a section, X has good reduction at any height 1 prime ideal p ∈ Spec R /F -isom is finite.
Proof. Shrinking Spec R, we may assume that R is smooth over Z. For X ∈ Shaf, one can associate a section x ∈ X(F ) and therefore we have a description X ≃ (A×B)/G as in Lemma 2.2. By Proposition 2.8, the elliptic curves A and B admit good reduction at any height 1 prime p ∈ Spec R. Therefore there exists a map Shaf → Shaf ab , where Shaf ab is the set of F -isomorphism classes of abelian surfaces which admit good reduction at any height 1 prime of Spec R. By [FWG + 92, VI, §1, Theorem 2], Shaf ab is a finite set. So we shall show that each fiber of the above map is finite. For fixed (A, B) ∈ Shaf ab , let X be a bielliptic surface lying in its fiber. Then, X is isomorphic to (A × B)/G X for some finiteétale subgroup scheme G X ֒→ A and some embedding α X : G X ֒→ Aut B/F . Since the order of G X is bounded, the candidates of G X ֒→ A are finitely many. Hence we may fix an embedding ι : G := G X ֒→ A. Let S A,B,ι be the set of embeddings α : G ֒→ Aut B/F such that (A × B)/G is a bielliptic surface, where the quotient is taken with respect to the action ι × α. Let ∼ be the equivalence relation on S A,B,ι given by B(F )-conjugate. More precisely, for α,
is the translation which sends 0 to b. In this case, we have the F -isomorphism
induced by id × t b , where the left-hand side is the quotient with respect to the action ι × α, and the right-hand side is also similar. So it suffices to show the finiteness of S A,B,ι / ∼. Since (B/G)
Section 10.26, List 10.27]). We denote the projection [Bȃd01, List 10 .27]). In particular, we remark that if H α 2 is non-trivial then H α 2 is Z/2Z (the case of (a 2 ) or (c 2 ) in [Bȃd01, List 10.27]) or Z/3Z (the case of (c 1 ) in [Bȃd01, List 10.27]). In both cases, we note that #H α 2 divides #H α 1 . We can define the morphism of sets
Using the above remark (#H α 2 |#H α 1 ) and the equality α F (g)(0) = α F (p α 1 (g))(0) + α F (p α 2 (g))(0), we have
where n is the order of G(F ), and h α,g ∈ Aut(B F , 0) is the automorphism such that α F (p α 1 (g)) = t bα h α,g t −1 bα . We note that g∈G(F ) h α,g = 0 in End(B F ) since h α,g 0 ( g∈G(F ) h α,g ) = g∈G(F ) h α,g for non-trivial h α,g 0 (one can take g 0 = g α ). Since we fix the isomorphism class of G, possible isomorphism classes H α 1 , H α 2 are at most finitely many (in fact unique). So possible α| H α 2 are at most finitely many. Moreover, if possible b α are at most finitely many, then possible α| H α 1 are at most finitely many, since possible embeddings H α 1 → Aut(B F , b α ) are finitely many. Thus each fiber of φ is finite. We note that
. Therefore φ induces the morphism with finite fibers S A,B,ι / ∼→ B(F )/nB(F ).
By [Nér52] (see also [LN59, Section 1]), the abelian group B(F ) is finitely generated, so the right hand side is finite. Then it finishes the proof.
On the Néron model of a bielliptic surface
In this section we prove the existence of the Néron model of a bielliptic surfaces under certain conditions. First, we recall the notion of a weak Néron model and the Néron model. Definition 3.1. Let K be a discrete valuation field, X K be a smooth separated Kscheme of finite type, and X and X i (i = 0, . . . , s) be a smooth separated finite type O K -model of X (i.e. satisfying X K ≃ X, (X i ) K ≃ X).
(1) The model X is a weak Néron model of X if each K sh -valued point of X extends to an O K sh -valued point of X . Here, K sh is the strict Henselization of K. The following fact is known as the weak Néron mapping property.
Proposition 3.3. Let K be a discrete valuation field, and X be a smooth separated K-scheme of finite type.
(1) Let X be a weak Néron model of X. Then for any smooth O K -scheme Z and for any K-rational map u K : Z K X, there exists an extension of u K to an O K -rational map Z X , i.e. there exists an open subscheme U ⊂ Z and an O K -morphism u : U → X which is an extension of u K such that U s is open dense in Z s for any s ∈ Spec O K .
(2) Let {X i } 0≤i≤s be a weak Néron model of X. Then for any smooth O K -scheme Z with irreducible special fiber and for any K-rational map Z K X, there exists an integer i with 0 ≤ i ≤ s such that u K extends to an O K -rational map Z X i . Proof. Let Z be a smooth O K -scheme, and u K : Z K → Y K be a K-morphism. We shall extend the domain of u K to Z. By Proposition 3.3, there exists an open subscheme U ⊂ Z and u : U → Y, such that U contains the generic fiber Z K and all the generic points of the special fiber, and u is the extension of u K . Using u, one has a finiteétale covering U := U × Y X → U. Since Z is a regular scheme, by the Zariski-Nagata purity theorem, one can extend this finiteétale covering to Z → Z. By the Néron mapping property of X , we have X ( U) = X ( U K ) = X ( Z). So the base change morphism u : U → X can be extended to u : Z → X . Then we have a morphism u Z : Z → Y.
Consider the equalizer diagram
(2)
where the vertical arrows are injective since Z, Z, and Z × Z Z are reduced schemes which are flat over O K and Y is separated over O K . We need to show that u Z is in fact located in the equalizer of the upper sequence, but it follows since u Z goes to u K which is located in the equalizer in the lower sequence. So it finishes the proof.
Remark 3.5. If we drop the weak Néron assumption on Y, Lemma 3.4 does not hold. For example, consider an abelian variety A over a discrete valuation field K whose ℓ-torsion points are K-rational, and assume that A does not admit good reduction.
Here, we fixed a prime number ℓ which is different from the residual characteristic of K. Let A and G be the Néron models of A and G := A[ℓ]. Then A → A/G gives a counter-example.
Proposition 3.6. Let K be a discrete valuation field with the residual characteristic away from 2 and 3, and X be a bielliptic surface over K. Assume that X admits good reduction. Then X admits the Néron model.
Proof. Let X be a proper smooth scheme in Lemma 2.5. Then the cyclic covering over O K associated with a fixed isomorphism ω ⊗m X /O K ≃ O X is the Néron model of its generic fiber as in the proof in Lemma 2.5. By the valuative criterion of properness, the model X is a weak Néron model of X, so by Lemma 3.4, it finishes the proof.
Next, we state the existence of Néron models in a little more general settings. Let K be a discrete valuation field with the residual characteristic away from 2 and 3, and X be a bielliptic surface over K which admits a section x ∈ X(K). Let X ≃ (A × B)/G be the isomorphism given in Lemma 2.2. Let A, B and G be Néron models of A, B and G. Let A, B be minimal regular models of A, B. Remark that the Néron model of an elliptic curve is the smooth locus of the minimal regular model (see [BLR90, Proposition 1.5.1]). By the Néron mapping property, we have a group action σ : G × A × B → A × B, which is a free action since G ֒→ A is a closed immersion by Lemma 2.7. In the following, we assume that G is finiteétale over O K (i.e. G admits good reduction). Then one can extend the action G × A → A to G × A → A uniquely. Indeed, the connected component of G is the spectrum of discrete valuation ring O L which is unramified over O K . Since A O L is also minimal regular model of A L ([Liu02, Proposition 9.3.28]), one can use the minimality to extend this action ([Liu02, Proposition 9.3.13]). Similarly, one can extend the action G ×B → B uniquely, therefore we have the action Σ : G × A × B → A × B.
Theorem 3.7. Let A, B, G, A, B , G, σ and Σ as above (so we suppose that G admits good reduction). Then, if Σ is a free action (for example, the case when A admits good reduction), the quotient (A × B)/G is the Néron model of X. This proof is based on the philosophy 'the smooth locus of a minimal model is the Néron model'. On the other hand, one can prove the existence of Néron models in more general settings, as follows.
Theorem 3.8. Let K be a strictly Henselian discrete valuation field with the residue field k whose characteristic away from 2 and 3, and X be a bielliptic surface over K which admits a section x ∈ X(K). Let X ≃ (A × B)/G be the isomorphism given in Remark 2.3. If G admits good reduction (i.e. the inertia group I K acts trivially on G(K)), then X admits the Néron model. In particular, for any bielliptic surface X over K, there exists a finite separable extension L/K such that X L ′ admits the Néron model for any finite extension L ′ /L. Remark 3.9. Since we work over a strictly Henselian discrete valuation field, the assumption of the existence of a section is not essential. Indeed, if X(K) = φ, then X itself is the Néron model of X by Hensel's lemma.
Proof. It suffices to show the first statement. Let X ≃ (A × B)/G be a bielliptic surface with a section x ∈ X(K), as in the assumption of the first statement. Let n be the integer as in Remark 2.3. Since we work with a strictly Henselian discrete valuation field, the following hold.
• The group scheme G consists of K-rational points.
• Every connected component of the special fiber of the Néron model A has a k-rational point. Especially, every component is geometrically connected.
be the composition of the Albanese morphism with the reduction maps. Here, the second arrow is an isomorphism given by the n-multiplication map as in Remark 2.3. Then, there exist K-valued points x 0 = x, x 1 , . . . , x s ∈ X(K) which give a complete set of representatives of ImΦ. For each section x i , we have a description X ≃ (A i × B i )/G i given in Remark 2.3. Here, by the definition every A i is the Albanese variety of X, therefore every A i is naturally isomorphic to each other. Only difference is that the zero section of A i is given by alb(x i ). As in Remark 2.3, each G i consists of K-rational points.
Let A i , B i , G i be the Néron models of A i , B i , G i . By the Néron mapping property, one can extends the group action to Néron models. By Lemma 2.7, the Néron model G i is a finiteétale subgroup scheme of A i . Let X i be the finiteétale quotient (A i ×B i )/G i . As before, the quotient X i is smooth separated of finite type over O K . Let X be the scheme obtained by gluing X i together on the generic fibers. By the definition, the model X is a smooth finite type scheme over O K satisfying X K ≃ X. We shall prove that this X is the desired Néron model. First, we shall prove the separatedness of X . Let R be a discrete valuation ring over O K , and F the fraction field of R. By the valuative criterion of separatedness, it is enough to show that X (R) → X (F ) is injective. Assume that there exist t 1 , t 2 : Spec R → X which are different R-valued points going to the same F -valued point. Clearly, each t l factors through some X i l ֒→ X . If t l factors through same components X i , by the separatedness of X i , we have t 1 = t 2 . Therefore each t l factors through X i l with i 1 = i 2 and each t l does not factors through the generic fiber X. Let s l := alb(t l ) ∈ A i l , where alb is the extension of the Albanese morphism to X → A. The morphism alb| X i l is written as the following composition,
where the last map is given by n-multiplication morphism. As remarked above, for any 0 ≤ i, j ≤ s, the varieties A i and A j are naturally isomorphic (we denote it by A), and there exists the following commutative diagram.
(3)
Here t i,j is a translation on A which sends alb(x i ) to alb(x j ), and n A i is n-multiplication map as the group scheme A i . Remark that we identify alb(x i ) with its extension to the O K -valued point of A. Let m be the maximal ideal of Spec R. Since t l (m) is contained in the special fiber of X i l , the point s l (m) is contained in the special fiber of A. By the above description of alb| X i l , the point s l (m) lies in the component which is contained in Π i l , where Π i := Im(n A i : π 0 (A k ) → π 0 (A k )). By the above commutative diagram, as subsets of the component group π 0 (A k ), we have Π i l = t 0,i l Π 0 = (alb(x i l ) − alb(x 0 ))Π 0 . Since we have i 1 = i 2 , by the definition of x i , we have that Π i 1 and Π i 2 are disjoint in π 0 (A k ). So we have s 1 = s 2 . However, since s 1 and s 2 give the same F -valued point of A, we have s 1 = s 2 by the separatedness of A. This is a contradiction, thus X is separated over O K .
Next, we shall prove that the family {X i } i=0,...,s is a weak Néron model of X. Let y ∈ X(K) be any K-valued point of X. By the definition, there exists a unique x i ∈ X(K) which represents Φ(y). Let alb(y) ′ ∈ A(O K ) be the unique extension of alb(y). Then the special fiber of alb(y) ′ lies in the union of components corresponding to t 0,i Π 0 = Π i . We note that this union of components is the image of the n-multiplication map on the special fiber induced by n A i (see [BLR90, Lemma 7.3.1, Lemma 7.3.2]). Since O K is strictly Henselian, the fiber of alb(y) ′ along n A i has a component Spec O K , i.e. there exists a lift y ′ 1 ∈ A(O K ) of alb(y) ′ along n A i . Let y 1 ∈ A(K) be the K-rational point of A given by y ′ 1 (so y 1 is a lift of alb(y) along the n-multiplication map on A i ). Let y 2 := (−y 1 ) · y ∈ X(K), where · denotes the action A i × X → X given in the proof of Lemma 2.2. Then by the definition (see the commutative diagram (1) in the proof of Lemma 2.2), we have alb(y 2 ) = alb(x i ), and therefore y 2 lies in B i (K) and we have y = (y 1 , y 2 ). One can extend (y 1 , y 2 ) ∈ A i × B i to (y ′ 1 , y ′ 2 ) ∈ A i × B i (O K ). Therefore y ′ := (y ′ 1 , y ′ 2 ) ∈ X i (O K ) gives a desired extension of y.
Finally, we shall prove that X satisfies the Néron mapping property. This part is essentially the same as in the proof of Lemma 3.4, but we include it for the sake of completeness. Let Z be any smooth O K -scheme, and u K : Z K → X be a K-morphism. By Remark 3.2, it suffices to show the existence of extension of u. Moreover, we may assume that Z has an irreducible special fiber (in general case, one can glue them). By Proposition 3.3 (2), there exists an extension of u K to an O K -rational map u : Z X i for some 0 ≤ i ≤ s. Therefore there exists an open subscheme U ֒→ Z where u is defined such that U contains Z K and the generic point of Z k . Then the finiteétale covering
can be extended to the finiteétale covering Z → Z by the Zariski-Nagata purity theorem. By the Néron mapping property, we have
therefore the base change morphism u : U → A i × B i can be extended to u : Z → A i × B i . Hence we have a morphism u Z : Z → X i , and by the uniqueness of extension, one can descends u Z to u Z which is a desired extension of u K . It finishes the proof.
